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Abstract – We extend the unsymmetrized self-consistent-ﬁeld method (USF) for anharmonic
crystals to layered non-Bravais crystals to investigate structural, dynamical and thermodynamic
properties of a free-standing graphene monolayer. In this theory, the main anharmonicity of
the crystal lattice has been included and the quantum corrections are taken into account in an
h¯-expansion for the one-particle density matrix. The obtained result for the thermal expansion
coeﬃcient (TEC) of graphene shows a strong temperature dependence and agrees with experi-
mental results by Bao et al. (Nat. Nanotechnol., 4 (2009) 562). The obtained value of TEC
at room temperature (300K) is −6.4 × 10−6 K−1 and it becomes positive for T > Tα = 358K.
We ﬁnd that quantum eﬀects are signiﬁcant for T < 1000K. The interatomic distance, eﬀective
amplitudes of the graphene lattice vibrations, adiabatic and isothermal bulk moduli, isobaric and
isochoric heat capacities are also calculated and their temperature dependences are determined.
Copyright c© EPLA, 2014
Graphene [1–8], a one-atom–thick monolayer of carbon
is currently the most popular two-dimensional (2D) crys-
tal. During the last decade it has been attracting enor-
mous attention due to its unique feature of revealing many
new properties and for possible applications in nanoelec-
tronics, nanomechanics, as well as being a promising build-
ing block for novel devices [3,9–14]. It is expected that the
anharmonicity of the lattice vibrations is much stronger in
2D crystals [15] such as graphene. For instance, it has been
argued that anharmonicity is fundamental for the stabil-
ity of graphene and it cannot be taken into account by
means of perturbative methods starting from harmonic
or quasiharmonic approximations. In order to properly
deal with those anharmonic eﬀects in structural, dynami-
cal, and thermodynamic properties of a 2D graphene crys-
tal, we use the unsymmetrized self-consistent ﬁeld method
(USF) [16–24] for anharmonic crystals, which we extend
for the ﬁrst time to layered non-Bravais crystals. In this
approach it is possible to construct several zeroth-order
approximations to any order of anharmonicity. Quantum
corrections are included in the h¯-expansion for the one-
particle density matrix. In contrast to the self-consistent
phonon theory [25–27], which reduces the description of
strongly coupled atoms of the crystal to the analysis of
weakly interacting phonons making it more appropriate to
the calculation of phononic spectra and related phenom-
ena, USF, which is a distribution function theory [16,20],
deals with the state of the atoms themselves in the unit
cells. Thus, it is more appropriate to investigate structural
and thermodynamic properties of crystals.
Among several quantities we have calculated, we pay
special attention to the thermal expansion coeﬃcient
(TEC) which is one of the key quantities that have
been measured and which is important for applications
of graphene in electronic devices. Although several the-
oretical and experimental investigations of the TEC of a
graphene layer and its temperature dependence have been
reported in the last decade, there exist large discrepan-
cies between the results obtained from diﬀerent methods.
Diﬀerences in experimental results are usually attributed
to uncontrollable inﬂuences of the substrate. One of the
motivations to perform the present work is that we expect
that the anharmonicity of graphene plays a decisive role
in the explanation of those experimental results of TEC.
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Fig. 1: (Color online) Temperature dependence of the thermal
expansion coeﬃcient. The comparison of diﬀerent theoretical
calculations in a wide temperature range is shown in the inset.
Figure 1 shows theoretical and experimental results for
TEC of a graphene monolayer. The red dots and blue
squares denote the experimental results reported by Bao
et al. [28] from T = 300 to 400K for a suspended graphene
layer (the dots and squares are their exponential and poly-
nomial function ﬁt to the experimental data, respectively).
The TEC was directly measured by monitoring with a
scanning electron microscope (SEM) or an atomic force
microscope (AFM) the very small changes in the sagging
of graphene membranes of various thickness and widths
suspended over trenches on Si/SiO2. The TEC estimated
by Yoon et al. [29] using temperature-dependent Raman
spectroscopy in the interval between 200 and 400K are
indicated by the green diamonds. In their method, TEC
was obtained by ﬁtting the G-band Raman frequency shift
due to the strain eﬀect of a single graphene layer on a SiO2
substrate. In their ﬁtting the Gru¨neisen parameter γ of
the graphene layer was assumed as a constant. The theo-
retical calculations of TEC by Jiang et al. [30] using the
nonlinear Green’s function method (GFM) are plotted as
the dashed line in the ﬁgure and in the inset. For a free-
standing graphene monolayer they obtained negative TEC
at low temperature which changes sign at 700K. In their
work, they also considered a coupling parameter between
the graphene layer and the substrate and found TEC to
be very sensitive to the presence of the substrate. Using
Monte Carlo simulations, Zakharchenko et al. [15] esti-
mated room temperature TEC as indicated by the black
dot in ﬁg. 1. Their Monte Carlo calculation also predicted
an unusual behavior of lattice parameter with a minimum
at T ≈ 900K. Using density functional theory (DFT)
and a quasiharmonic approximation, Mounet et al. [31]
obtained negative TEC up to 2500K as is shown by the
dotted line. The discrepancy with the latter results gives
unequivocal evidence of the importance of anharmonicity
in graphene.
The TEC obtained from our calculation within the
USF is given by the black solid line and is in very good
agreement with the experimental measurements by Bao
et al. for T = 300 to 400K [28]. In a wider temper-
ature range (see the inset), the obtained TEC shows a
strong temperature dependence below 1000K (which is
around half of the Debye temperature [32]). The obtained
TEC decreases rapidly with decreasing temperature from
800K and becomes negative at Tα ≈ 358K. At room
temperature (300K) its value is −6.64× 10−6 K−1. Close
to melting it is about 18.1 × 10−6 K−1. To the best of
our knowledge this is the ﬁrst theoretical calculation that
is able to realise quantitative agreement with the experi-
mental measurement of the TEC in a broad temperature
range. Remarkably, the good agreement between our cal-
culation and the experimental result of Bao et al. indicates
that the eﬀect of the substrate is not very signiﬁcant in
their experiment.
The USF is based on a set of nonlinear integro-
diﬀerential equations for the one-particle density matrices
and the self-consistent potentials that satisfy the
Bogoliubov statistical variational principle [21]. In the co-
ordinate representation, the diagonal elements of the
one-particle equilibrium density matrix for a perfect
non-Bravais crystal are given by
ρ(qμ,qμ) ≈ wμ(qμ)
{
1− h¯
2β2
12m
[
ξμ(qμ)− ξμ
]}
, (1)
where qμ = rμ − Ânμ − Rμ are the atomic displace-
ments from the equilibrium positions [33] with rμ the
atomic position, Â the lattice matrix, and Rμ the atomic
position inside the μth unit cell; β = 1/kBT with the
Boltzmann constant kB = 8.6174× 10−5 eVK−1; m is the
atomic mass; and the function
wμ(q) = exp [−βuμ(q)]
/∫
exp [−βuμ(q)] dq (2)
is the classical one-particle probability density with the
classical self-consistent potential uμ(q). In eq. (1) ξμ(q)
is the ﬁrst non-trivial term of the h¯-expansion for the
diagonal elements of the unnormalized one-particle den-
sity matrix. It contains quantum corrections both to the
one-particle probability densities and to the classical self-
consistent potentials. The bar over the variable denotes
averaging with respect to the classical distribution func-
tion, eq. (2),
ξμ =
∫
ξμ(q)wμ(q)dq. (3)
The functions uμ and ξμ obey the equations
uμ(q) =
∫
Kμν(q− q′)wν(q′)dq′
− 1
2
∫
Kμν(q− q′)wμ(q)wν(q′)dqdq′, (4)
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ξμ(q) = ξ0μ(q) + βξμ[uμ(q)− uμ]
−
∫
Kμν(q− q′)wν(q′)ξν(q′)dq′
+
∫
Kμν(q− q′)wμ(q)wν(q′)ξν(q′)dqdq′, (5)
where ξ0μ(q) = ∇2uμ(q)− β2 [∇uμ(q)]2, and
Kμν(q−q′) =
∑
n
(1−δn0δμν)Φμν(|Rμ−Rν−Aˆn+q−q′|)
(6)
is the potential energy of interaction of a given atom with
the atoms in the sublattice ν; Φ is the interatomic poten-
tial function. The solution of eqs. (4) and (5) allows to
obtain the statistical average of functions of atomic co-
ordinates, in particular the interatomic distances and the
variances of the atomic positions that give the eﬀective
amplitudes of the atomic vibrations [22]. They are ex-
pressed through the moments
〈q2kμ 〉 = q2kμ −
h¯2β2
12m
(
q2kμ ξμ(q)− q2kμ ξμ(q)
)
. (7)
Owing to ξμ = ξ0μ [23] and also to the second term in
eq. (4), the free energy recovers the usual formula
F/N = − 1
β
∑
μ
ln
{(
m
2πh¯2β
) 3
2
∫
exp [−βuμ(q)] dq
}
+
∑
μ
h¯2β
24m
∇2uμ(q). (8)
Note that here we take into account the out-of-plane ki-
netic terms which can be related to ripple formation.
Therefore, by diﬀerentiating the free energy, eq. (8), we
can obtain the other thermodynamic quantities. Statisti-
cal perturbation theory can be used to correct them but
we emphasize that the main anharmonic terms are already
taken into account in the basic zeroth-order approximation
of this theory.
Equations (2), (4) and (6) together with the ﬁrst term of
eq. (7) are a system of nonlinear integral equations for the
classical one-particle distribution functions, eq. (2). They
can be reduced to a set of transcendental equations for
the one-particle moments q2kμ by expanding the kernels,
eq. (6), in power series of the relative atomic displace-
ments (q− q′). In the strong anharmonic approximation,
their solutions are obtained numerically by computational
methods involving special functions [34]. But, if the an-
harmonic terms can be treated as small in comparison
with the harmonic one, then the transcendental equations
can be reduced to a system of algebraic equations for the
moments q2kμ . eq. (5) is a system of linear Fredholm in-
tegral equations of second type for ξ(q) and its solution
is obtained under the condition ξμ = ξ0μ. In the weak an-
harmonicity approximation, inserting eq. (6) into eqs. (4)
and (5), and expanding the kernel Kμν(q − q′) in power
series of the relative displacements (q − q′), we obtain
analytical expressions for uμ(q) and ξμ(q). Substituting
them into eqs. (7) and (8), we obtain analytical expres-
sions for the moments and free energy in a polynomial
form f(λ1, λ2) ≈ λ1β−1 + λ2β−2, where the coeﬃcients
λ1 and λ2 are expressed in terms of the derivatives of
the interatomic potential function taken in its minimum
point [35].
The ﬁnal analytical expressions are obtained by choos-
ing the potential function Φ. Several generic potentials ex-
ist for modeling materials [8] but only a few of them were
proposed especially for graphene. We use here a para-
metric interatomic potential constructed by Tewary and
Yang for graphene [36]. The units of energy and length
are deﬁned in terms of the depth of the potential well

 = 4.93 eV, and the point of its minimum r0 = 1.42 A˚,
respectively. Graphene has a honeycomb lattice of carbon
atoms formed by two (μ = 2) triangular sublattices. The
lattice matrix has the lattice vectors a1 = a(3,
√
3)/2 and
a2 = a(3,−
√
3)/2 in its columns.
Once we have obtained the expressions for the moments
and the free energy of graphene within the USF method,
we are in principle able to calculate several structural,
dynamical and thermodynamic properties of the system.
The analytical expression for the thermal expansion is ob-
tained through the solution of the thermal equation of
state at zero pressure, (∂F/∂a)T = 0 for a(T ) = Δa + r0.
We ﬁnd
Δa/r0 =
0.4749
β∗
(
1 +
0.9627
β∗
)
+ 0.5290
(
Λ
2π
)2
β∗. (9)
Here, β∗ = 
β ≡ 
/kBT and Λ = 2πh¯/r0
√
m
 = 0.037
is the de Boer parameter for carbon. Taking its deriva-
tive with respect to temperature we obtain the thermal
expansion coeﬃcient discussed above
α/2(kB/
) = 0.4749
(
1 +
0.9627
β∗
)
− 0.5290
(
Λ
2π
)2
β∗2.
(10)
Notice that the quantum corrections to the TEC are in-
cluded in the last term in the above expression. However,
due to self-consistent calculations, the anharmonicity ap-
pears in every term. For the second moments (k = 1) in
eq. (7), we obtain
〈q2μα〉/r20 =
0.0499
β∗
(
1 +
3.4681
β∗
)
+ 0.25
(
Λ
2π
)2(
1− 0.5181
β∗
)
β∗. (11)
They provide the mean square displacements that describe
the eﬀective amplitudes of the lattice vibrations.
In ﬁg. 2(a), the solid line shows the temperature de-
pendence of the root-mean-square displacements (RMSD)
of the lattice vibrations in a monolayer graphene from
eq. (11). For a comparison, the result within the classical
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Fig. 2: (Color online) Temperature dependence of: (a) RMSD
in classical quasiharmonic (dotted line), classical anharmonic
(dashed line) and quantum anharmonic (solid line) approxima-
tions; and (b) equilibrium nearest-neighbor distances. The re-
sults from classical Monte Carlo simulations [15] are indicated
by red solid circles.
anharmonic approximation (i.e., without the last term of
eq. (11)) is given by the dashed line and that within the
classical quasiharmonic approximation (i.e., without the
anharmonic terms in the expansion of the kernels deﬁned
in eq. (6)) is presented by the dotted line. The RMSD ob-
tained from classical Monte Carlo (MC) simulations [15]
are given by the red solid circles in the ﬁgure. Our re-
sults within the classical approximations (i.e., the dotted
and dashed lines) are close to those from classical MC
simulations, especially at low temperatures. However, the
solid line shows that the quantum corrections aﬀect signif-
icantly the lattice dynamics of graphene. With decreasing
temperature, it starts to deviate from the classical one
(dashed line) already at high temperatures and it has a
crucial impact on this property for lower temperatures.
In ﬁg. 2(b) we show the temperature dependence of the
equilibrium nearest-neighbor distance. It shows clearly a
minimum at T = 358K indicating the anomalous behavior
at low temperatures. A similar qualitative behavior was
observed in Monte Carlo simulations but with minimum
at about 900K [15]. A quick look to the Gru¨neisen pa-
rameter γ shows a behavior consistent with the minimum
in the lattice parameter as well as with TEC. A rough ﬁt-
ting gives a linear inverse dependence on temperature, i.e.
γ ∝ 1/(a1+a2T ), with a1 = −0.45 and a2 = 0.00125K−1.
From the above discussions, it is clear that both the
anharmonicity and quantum eﬀects in graphene are es-
sential for a quantitative agreement of the TEC obtained
within the USF calculations and the experimental results
as shown in ﬁg. 1.
Next, we present analytical expressions for isothermal
and adiabatic bulk moduli, and for the heat capacities at
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Fig. 3: (Color online) Temperature dependence of adiabatic
(solid line) and isothemal (dashed line) elastic moduli of a
graphene monolayer. The classical Monte Carlo results [15]
are shown by red and blue solid circles. The inset shows the
temperature dependence of their diﬀerence.
constant volume and pressure. The isothermal bulk mod-
ulus of elasticity is calculated as BT = a
(
∂2F/∂a2
)
/2.
Then we obtain
BT r
2
0/
 = 5.7876
(
1− 4.1646
β∗
+
4.9617
β∗2
)
+5.6572
(
Λ
2π
)2
β∗. (12)
The heat capacity at constant volume can be calculated
as CV kB = −β−1[∂2F/∂(1/β)2]V yielding
CV /NkB = 3− 0.7772
β∗
− 1.6707
(
Λ
2π
)2
β∗2. (13)
Then, using the thermodynamic relations CP /NkB =
CV /NkB + TA2α2BT and BS/BT = CP /CV , we obtain
the heat capacity at constant pressure CP and the adia-
batic bulk modulus of elasticity BS ,
CP /NkB = 3 +
0.6679
β∗
− 1.6707
(
Λ
2π
)2
β∗2 (14)
and
BSr
2
0/
 = 5.7876
(
1− 2.7195
β∗
− 0.5375
β∗2
)
+5.6572
(
Λ
2π
)2
β∗. (15)
In ﬁg. 3 we show the temperature dependence of the
elastic moduli. As expected, our calculations conﬁrm
the decrease of BT and BS with temperature in quali-
tative agreement with MC simulations (red and blue solid
circles, respectively) for not too low temperature. In
the inset we depict a ﬁt of their diﬀerence BS − BT =
3.63 × 10−4T − 2.41 × 10−8T 2 which is a pure anhar-
monic eﬀect. The MC results are not suﬃciently accu-
rate to distinguish the diﬀerence between the adiabatic
56004-p4
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Fig. 4: (Color online) Temperature dependence of the molar
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(dashed line). Shown are also classical Monte Carlo (MC) re-
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and isothermal moduli. Quantum corrections play a role
at low temperatures.
Another important anharmonic eﬀect is the diﬀerence
between the isochoric and isobaric heat capacities. Our
results in ﬁg. 4 are to our knowledge the ﬁrst estimate
for this diﬀerence in graphene, showing clearly that an-
harmonicity of lattice vibrations is important in graphene
not only at very high temperatures as is usual for 3D crys-
tals but in a broader temperature range that starts below
the Debye temperature. The inset in this ﬁgure quantiﬁes
how the anharmonic eﬀect changes with temperature. As
we can see from the ﬁt CP−CV = 2.10×10−4T , it is linear
at least up to 4000K. Our results show good agreement
with quantum path integral Monte Carlo (PIMC) simula-
tions [37] for CP , whereas comparison with classical Monte
Carlo (MC) results [15] for CV shows an expected devia-
tion at low temperatures due to quantum corrections that
are present in our theory. We notice that for high temper-
atures the MC results for CV shows disagreement with our
results, i.e., CP should increase and CV should decrease
from the Dulong-Petit limit. Notice also that heat capac-
ities appear to be more sensitive to quantum corrections
than bulk moduli.
In summary, we extended the unsymmetrized self-
consistent-ﬁeld theory for anharmonic crystals to layered
non-Bravais crystals such as graphene. Theoretical cal-
culations of structural, dynamical, and thermodynamic
properties of a graphene monolayer were performed with
inclusion of anharmonicity and quantum corrections. The
interatomic potential function proposed by Tewary and
Yang for graphene was taken. Our calculations show
that quantum eﬀects are important in the thermody-
namic properties of graphene for T < 1000K. We notice
that quantum eﬀects and anharmonicity become equally
important for T ∼ 100K. Unfortunately, our approach
can become invalid for T < 100 as higher-order terms in
the h¯-expansion start to dominate which are not included.
Two important aspects of our theoretical approach are
that the main terms of the anharmonicity of lattice vi-
brations can be included in the basic zeroth-order approx-
imation without the need of perturbative schemes, and
the freedom to choose in principle any interparticle poten-
tial. Among the several results presented we have paid
special attention to the TEC result obtained over a wide
temperature range which agrees very well with available
SEM/AFM experimental data. The corrections from sta-
tistical perturbation theory, which would account for inter-
atomic dynamical correlations and improved contributions
from higher than fourth-order anharmonic terms, might be
more important for graphene than for 3D crystals. This
would be another evidence that in graphene anharmonicity
is stronger than in other materials. Therefore, we are look-
ing forward to experiments, following Bao et al.’s proce-
dure, at temperatures below 300K, because, among other
things, it should show at which point the quasiclassical ap-
proximation with quantum corrections used in USF theory
breaks down. The present method can be applied to the
investigation of multilayer graphene and other graphitic
materials such as nanotubes.
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